The paper discusses nonautonomous discrete Lotka-Volterra type n-species competitive systems with pure-delays and feedback controls. New sufficient conditions for which a part of the n-species remains permanent and others is driven to extinction are established by using the method of multiple discrete Lyapunov functionals and introducing new analysis technique. Our results show that the feedback controls cannot influence the permanence of species.
Introduction
In this paper, we consider the following nonautonomous discrete time LotkaVolterra type n-species competitive system with pure-delays and feedback controls
Traditional nonautonomous discrete-time Lotka-Volterra type n-species competitive systems with pure-delays and without feedback controls are provided in the Let τ = max{τ ijl , σ il , δ il : i, j = 1, 2, . . . , n, l = 1, 2, . . . , m}. Motivated by the biological background of system (1) , in this paper we only consider all solutions of system (1) satisfy the following initial conditions
where
, by the fundamental theory of difference equations, system (1) has a unique solution (x(s, z), u(s, z)) satisfying initial condition (3) , where
We consider the following nonautonomous linear difference equation
where r(k) and ω(k) are nonnegative bounded sequences defined on Z.
Lemma 2.1 ([19]). Assume that there exists an integer
Then there exists a constant M > 0 such that for any nonnegative solution
Lemma 2.2 ([19]).
Assume that condition (5) holds. Then for any constants ε > 0 and 
Lemma 2.3 ([17]). Let function B(u)
In [21] , the sufficient conditions on the ultimate boundedness of all nonnegative solutions and the extinction of the part species x i (i = r + 1, r + 2, . . . , n) for system (1) 
Lemma 2.4 ([21]). Assume that assumptions
Let 1 ≤ r < n be an integer. We define functions
where i, j = 1, 2, . . . , n. 
Lemma 2.5 ([21]). Assume that assumptions
r i h (s) < lim inf k→∞ A hj (k) A i h j (k) for all j ≤ h, lim inf k→∞ D h (k) e h (k) > lim sup k→∞ A i h h (k) G h (k) lim sup k→∞ k+ω−1 s=k r h (s) k+ω−1 s=k r i h (s) − A hh (k) G h (k) and lim sup k→∞ D i h (k) e i h (k) < lim inf k→∞ A hi h (k) G i h (k) lim inf k→∞ k+ω−1 s=k r i h (s) k+ω−1 s=k r h (s) − A i h i h (k) G i h (k) .
Permanence in Nonautonomous Discrete Lotka-Volterra n-Species Competitive Systems
Then for each i = r + 1, . . . , n we have
Main Results
In this section, we discuss the permanence of the surplus species (1). We have the following result. 
. , r, where
M ij = lim sup k→∞ A ij (k) A jj (k) , R ij = lim sup k→∞ k+ω−1 s=k r j (s) k+ω−1 s=k r i (s) .
Then there exist positive constants h and H such that
Proof. Since M ij and R ij are non-negative constants for all i, j = 1, 2, . . . , r, from assumption (H 4 ) we have that M ij and R ij (i, j = 1, 2, . . . , r) are finite constants. Hence, from assumption (H 5 ), we further have that there exist constants α ij (i, j = 1, 2, . . . , r), where α ii > 0 and α ij < 0(i = j), such that for each i, j = 1, 2, . . . , r and i = j
and
From the definitions of M ij and R ij , we further obtain that there are constant 0 > 0 and integer K 0 > 0 such that for all k ≥ K 0 and each i, j = 1, 2, . . . , r and i = j
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Therefore, we further have for each i, j = 1, 2, . . . , r and i = j
. . , u n (k)) be any positive solution of system (1). From Lemma 2.4, there exist constant H > 0 and integer
for all k ≥ K 1 . Further from Lemma 2.5, we also have
For each i = 1, 2, . . . , r, we construct the following Lyapunov functional
Here, we prescribe that if τ tjl = 0 or σ tl = 0, then
From (6), we easily obtain the following inequality
Hence, we see that function B = (B 1 , B 2 , . . . , B r ) satisfies all the conditions of Lemma 2.3. From assumption (H 1 ), the expression of G i (k, x k , u k ) and inequality (9), we can obtain that there exist constants P i1 > 0 and P i2 > 0 such that 
for all k ∈ Z and i = 1, 2, . . . , r. From (7), we further have
From assumption (H 1 ) and inequality (9), we easily see that there exist positive constants S i (i = 1, 2, . . . , r), and S i is independent of any positive solution of system (1), such that for each i = 1, 2, . . . , r, from (9) we have
From (6), we have that there exists an integer
for all k ≥ K 2 and i = 1, 2, . . . , r. Choose a constant µ 0 > 0 such that for any k ∈ Z, we have
Consider the following auxiliary equation
where α 0 is a constant. Let υ i (k, k 0 , υ i0 ) be the solution of Eq. (15) 
Choose a constant α 0 such that
We firstly consider coordinate x 1 (k). By conclusion (a) of Lemma 2.3, for constant α 0 there exists a constant µ 1 
, then we have following three cases.
Case 1. There exists an integer
k * ≥ K 2 such that V 1 (k, x k , u k ) ≥ µ 1 P 11 for all k ≥ k * .
Case 2. There exists an integer k
* ≥ K 2 such that V 1 (k, x k , u k ) ≤ µ 1 P 11 for all k ≥ k * .
Case 3. There exist two integer sequences {s q } and {t
If Case 2 holds, then from inequality (11) we have
Hence, we further have
Thus, for all k ≥ k * + τ we have
Let υ 1 (k) be the solution of Eq. (15) with initial condition υ 1 (k
then by the comparison theorem of difference equations (see [1, 8] ), we have
In inequality (16), we can choose k 0 = k * + τ and υ 10 = u 1 (k * + τ ), then from (9) we have 0 ≤ υ 10 ≤ H. Since from inequality (18) we have g i (k)α 0 < δ 0 for all k ≥ k * + τ , then from (16) we further have
for all k ≥ k * + τ + K. Therefore, from (8), (13) , (14) and (17)- (19) , for any 
Since
From (20), we have
Therefore, we finally have 
Let υ 1 (k) be the solution of Eq. (15) with initial condition υ 1 (s q + τ ) = u 1 (s q + τ ); then by the comparison theorem of difference equations, we have
In inequality (16), we can choose k 0 = s q + τ and υ 10 = u 1 (s q + τ ), then from (9) we have 0 ≤ υ 10 ≤ H. Since from inequality (20) we have g i (k)α 0 < δ 0 for all k ∈ [s q + τ, t q ], then from (16) we further have
Therefore, from (8), (13), (14), (17), (21) and (22), a similar argument as in (20) we can obtain
, then a similar argument as in case t q − s q ≤ τ + K, we have
Particularly, we also have
If k ∈ (s q + τ + K, t q ), then we have (12), (23) and (24) we obtain
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Therefore, for any k ∈ (s q , t q ) we finally have
On the other hand, when k ≥ K 2 and k ∈ (s q , t q ), from
Finally, we consider Case 1. We directly have
Therefore, we finally prove that there exists an integer k *
From (11), we finally have
for all k ≥ k * 1 . Next, we consider coordinate x 2 (k). By conclusion (a) of Lemma 2.3, for positive constants α 0 and α 1 obtained in above, there exists a constant
, then by using a similar argument as in the above discussion about V 1 (k, x k , u k ), we can obtain that there exists an integer k *
then from (11), we finally have
Obviously, for coordinates x 3 (k), x 4 (k), . . . , x r (k), we can repeat the above argument as for x 1 (k) and x 2 (k). Therefore, we finally can obtain that there exists a series of positive integers and constants k *
such that In particular, as consequence of Theorem 3.1, we discuss the following two special cases. Case 1. In system (1), when m = 1, τ ijl = 0, σ il = 0 and δ il = 0 for all i, j = 1, 2, . . . , n, then system (1) degenerates into the following nondelayed nonautonomous discrete n-species Lotka-Volterra competitive system with feedback controls
For system (25), assumptions (H 1 ) and (H 2 ) become into the following forms: 
Then for each i = r + 1, . . . , n we have (26) is ω = 4. We take r = 2. In [21] , we have obtained that species x 3 (k) in system (26) is extinct. Now, we discuss the permanence of species x 1 and x 2 . From Remark 3.1, we only need to validate assumption (H 4 ) of Theorem 3.1 for r = 2. By calculating, we obtain Therefore, we have M 12 R 12 < 1 and M 21 R 21 < 1. From Theorem 3.1 we finally obtain that species x 1 and x 2 in system (26) are permanent. Figures 1 and 2 show that species x 1 and x 2 in system (26) are permanent.
